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1. Introduction 

The topological term (i.e. the Wess-Zumino (WZ) term[|l]) in the Wess-Zumino- 
Witten (WZW) theory reflects the anomalies present in the theory of non-linear sigma 
models. Generically, the couplings of WZW actions to gauge fields contain anomalies. For 
external (background) gauge fields, this may be a desired feature, as in the case of the 
two-photon decay of neutral pions. If the gauge fields are to be treated as real degrees of 
freedom (i.e. to be integrated over in the functional integration formulation), the consis- 
tency of the resulting gauge theory requires such gauge couplings to be free from anomalies; 
that is, the theory must be gauge-invariant. In the absence of matter fields other than 
the non-linear sigma field, vector gauge couplings are automatically anomaly- free. In fact, 
vector gauged WZW theories have been studied extensively in the literature f^,[||l]. 

In this paper, we shall show that, in two dimensions (and in the conformal limit which 
we are mainly interested in), there exists another way to introduce gauge couplings into 
the WZW theory that is also anomaly-free. In this gauged WZW theory, the gauge fields 
are chiral, i.e. each gauge field has only one helicity. In this type of gauged WZW theories, 
the holomorphic (and anti-holomorphic) properties appear to be more transparent than in 
the other gauged WZW theories. 

This paper is organized as follows. In Sec. 2, the coupling of the WZW actions to 
gauge fields and the anomaly associated with it are briefly reviewed. From the form of 
the non-abelian gauge anomaly, we can find special subsets of gauge couplings that are 
anomaly-free. Besides the vector (or equivalently the axial) gauge couplings, we show that 
there are two other types of gauge symmetries that are anomaly-free: 

(1) local Kac— Moody (affine KM) symmetry: in this case, the local KM symmetry 
arises from a gauge symmetry. However, the gauge fields happen to decouple from the 
sigma field, leaving behind the local symmetry in the original (i.e. ungauged) WZW model, 
which is precisely the affine KM symmetry originally found by Witten[|5],|B|,[7]]. 

(2) chiral gauge symmetry: in this case the gauge fields in the group Hl C Gl have 
only the positive helicity along the left-moving light-cone (A 1 ^ = (0, Af)) and the gauge 
fields in the group Hr C Gr have only the negative helicity along the right-moving light- 
cone (A J = (Af,0)). 

This chiral gauged WZW theory is studied in Sec. 3. The analysis is very simi- 
lar to the usual vector gauged WZW theory [§,§]]. The gauge- fixed theory has separate 
BRST symmetries in the holomorphic and the anti-holomorphic sectors. For the left-right 
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symmetric case, the quantized chiral gauged WZW theory is exactly equivalent to the 
quantized vector gauged WZW theory. However, the chiral gauged WZW theories also 
allow us to study the left-right asymmetric cases, which are useful for heterotic types of 
string theories. 

In Sec. 4, we study the primary fields and their correlation functions in the gauged 
WZW theory. We consider these fields as the primary fields in the original (ungauged) 
WZW theory dressed in the "clouds" of the gauge fields. The gauge fields tend to screen 
the part of sigma field that belongs to the gauge group H^ r. This picture suggests 
that the chiral gauged WZW theory is in fact the G/H coset theory in conformal field 
theory(CFT)|8||)|, as was originally proposed by Schnitzer, Karabali and others for the 
vector gauged WZW theory @,||. When G and H are both simple, it will be shown that 
this is indeed the case by an examination of the conformal blocks. When G is semi- 
simple, some slight modification has to be made. To be more explicit, we will discuss 
in some detail this connection to coset theory for two cases: (1) G = SU(2)k <8> SU(2)i 
and H = SU(2). (2) G = SU(2) and H = 17(1). Recently it was observed that the Z k 
parafermion theory pQ| (i.e. the coset SU (2) &/£/"( 1)) may play a crucial role in the construc- 



tion of string theories that have critical spacetime dimension lower than ten[|lT|. These 
new string theories have fractional super symmetry on the world sheet. An understanding 
of such symmetries at the classical action level will be most useful. In fact it is the attempt 
to find a suitable classical action for the parafermion theory that leads to the present anal- 
ysis. Also the relation of gauged WZW theories and coset models has recently received 
renewed interests []T2l , |T3|1 . 

In Sec. 5, a couple of explicit examples are presented to illustrate some properties 
of chiral gauge theories. A number of appendices are included to make the paper self- 
contained. They essentially review the various derivations of the results that are needed 
for the main text of the paper. In Appendix A, the evaluation of the non-abelian anomaly 
is reviewed. Since it takes no extra effort, this derivation is presented for the arbitrary 
(even) dimension case. In Appendix B, the derivation of the general coupling of the WZW 
action to gauge fields with a given anomaly is reviewed. The evaluation of the determinant 
used in Sec. 3 is given in Appendix C. 



2. Two Different Types of Gauged WZW Theories 

In general, the coupling of the non-linear sigma field (p in the WZW theory to external 
gauge fields has non-abelian anomalies. To construct gauged WZW theories (where gauge 
fields are dynamical) , gauge invariance must be maintained, i. e. the anomaly must vanish. 
This means only special gauge couplings can be introduced, e.g. vector gauge coupling. 
In this section, we shall show that, in two dimensions in the conformal limit, there exists 
another type of gauged WZW theory which is also gauge invariant, i.e. anomaly-free. 

2.1. The Anomaly in the Effective Theory 

Historically the anomaly first arose in the coupling of gauge fields to chiral 
fermions [[TJJ . Let us consider the action 

S F = J d D x (* R (ip + 4 R )V R + V L (ip + 4 L )v L ) (2.1) 

where the matrix- valued Aj^ and A R are external gauge fields and \1/ l and \& R are multiplets 
of chiral fermions. Here we have suppressed all other fields and their fermionic couplings 
which are anomaly-free. (An example will be QCD, where vector gluons are present and 
couple to quarks; in this case, A L,R couple to flavor currents.) The effective action, W^, 
of the above action is obtained through the path integral 

exp[-W e F s (A L ,A R )] = J V^ R Vy R Vy L Vy L exp(-S F ) . (2.2) 

The infinitesimal gauge transformations are defined as 

6 v l ^l(x) = v L (x)^ L (x) , 5 v r ^r(x) = v R (x)^ R (x) 

5AL = -d„v L + [v L ,AL] (2.3) 
8A R = -0„ v R + [ v R , A R ] 

where v l and v R are matrix- valued and determine infinitesimally the gauge transformation. 
Hence the classical fermion action, S F , is gauge invariant because of the minimal couplings 
in Eq.( |2.1| ). However, the fermion integration measure may not be invariant under the 
gauge transformations, giving rise to the anomaly in the effective action[[0|. We can 
express the anomaly in the following form: 



5 VL , VR W F (A L , A R ) = W F (A L + 5A L , A R + 5A R ) - W F (A L , A R ) 
= c n J d D xu\ n {A L ,A R - v L , v R ) 



(2.4) 



where the space-time dimension is D — 2n and u)\ n is the non-abelian anomaly, which is 
a 2n-form and linear in v l or in v R . The constant c n can be determined through explicit 
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one-loop calculations. Here A L,R are matrix- valued one forms, i.e., A L ' R = A^\ A l d 
where A 1 are group matrices. 

The infinitesimal gauge transformation satisfies the commutation relation 

fiv L ,VR.fiv' L ,v' R ~ fiv' L ,v' R fiv L ,v R = fi[vL,v' L ],[v R ,v' R ] ■ (2-5) 

This implies that the non-abelian anomaly must satisfy the following integrability condi- 
tion, 

8v L ,v R [ujl n (A L ,A R ;v' L ,v' R )-S v/L y R [ u\ n {A L , A R ; v L , v R ) 

J (2.6) 
ul n (A L ,A R ; [v L ,v' L ],[v R ,v' R ]) . 

This is the WZ consistency condition[|l| and will be used later. The explicit expression for 
io\ n is well- known [IB]; its derivation is reviewed in Appendix A. 



On the other hand, the WZW theory can be considered as a low-energy effective theory 
of Eq. ( |2.1|) which must incorporate the same anomaly effect 0. (In the QCD example 
mentioned above, we are interested in the effective theory of pions, where the anomaly 
plays a crucial role in the 7r° decay.) The WZW theory in 2n-dimensions is formally 
defined by 



X - I <?*Vfi (S^-'S"^) - C„ / TY(d^- 1 ) 2 " +1 (2.7) 

A J g2n J B 2n+l 

where B 2n+1 is the (2n + 1) -dimensional extension of the 2n-dimensional space S 2n , with 
S 2n as its boundary. (j>(x) is the non-linear sigma field which maps from S 2n to the group 
manifold, and (p(x, t) is the (2n + 1) -dimensional extension of <fi(x) whose value on the 
boundary S 2n is equal to <p(x). d is the exterior derivative and (d^ _1 ) 2n+1 is the wedge 
product of (2n + 1) one- forms. The second term is called the WZ term and will be denoted 
by r(0) in the following. The effective action of the WZW theory with external gauge 
fields coupled to <fi is defined as 

exp(-W e B s (A L ,A R )) = J V0e W (-S B (^A L ,A R )) (2.8) 

where S B (6, A L , A R ) is the WZW action coupled to external gauge fields. The gauge 
coupling to <fi in the first term of Eq.( j2.7| ) can be easily incorporated via the minimal 
coupling, i.e. d^tfi is replaced by the covariant derivative D M <^> defined as 

D^^d^ + Afy-jA* (2.9) 



The term Tr (D^ 1 D fJi (f)j is invariant under the gauge transformations 



9l(x) 4> g R l {x) 



Afa) -> g L {x)Afa)gl x {x) - d^g L {x) ■ g^ 1 (2.10) 
A R (x) -> ^ fl (a;)Aj(x)^ 1 (x) - d^g R {x) ■ g^ 1 



under which behaves as D M </> — ► fi^ 1 - The infinitesimal version of Eq. (|2~70l) 



is approximated by ql,r{x) ~ 1 + ' y L,i?(^)- The infinitesimal transformations of are 
the same as those in Eq.( |2.3| ) and that of the sigma field is 

6<j> = v L( f>-(f>v R . (2.11) 

Under these gauge transformations, we demand the sigma field's effective action to have 
the same anomaly as in Eq. fl2.4j) , 



*v L ,v R W* s (A L , A R ) = W B {A L + 8A L , A R + SA R ) - W& {A\ A r ) 

r (2.12) 
= c n j ul n (A L ,A R ; v L , v R ) . 

Since the sigma field 0's path integral measure is gauge invariant, it follows from Eq. ( |2.12| ) 
that the classical action, S B (4>, A L , A R ), has to satisfy 

5 VL , VR S B (A L ,A R ,<f>)=c n J ul n {A\A R - v L , v R ) . (2.13) 

Since the first term in S B is gauge invariant, the anomaly only comes from the gauged 
WZ term. 

In the gauged WZW theory, the gauge fields become dynamical gauge fields via the 
introduction of the kinetic term, Tv(F 2 ). In the path integral formalism, the gauge field's 
configurations are summed over. Since we would like to preserve the Ward identities, 
gauge invariance of these gauge fields must be maintained, which is equivalent to choosing 
a specific gauge coupling such that the anomaly u>\ n is absent. This can be achieved in 
the following way. First, the anomaly u>\ n (A L , A R ; v Lj v R ) must be determined. Next, 
starting from the explicit expression of the gauged WZW action S B (A L ,A R ,(f) in 
Eq.( [2.13l) can be solved. Finally, among the general solutions of (|2.13| ), we are interested in 
the special gauged WZW actions which are anomaly-free, i.e. the corresponding = 0. 
It means this subset of S B (A L , A R , 0) are gauge invariant. 



From now on, we are interested only in the 2-dimensional gauged WZW theory in the 
conformal limit, where the Tr(F 2 ) term drops out. (Since A^> R is of dimension one, the 
dimension of Tt(F 2 ) is four. So the Tr(F 2 ) term drops out in the conformal limit.) The 
2-dimensional WZW theory in Eq.( |2.7f) can be expressed as0 



s(4>) 



4A 



/ d 2 xTr (d^dy) f Tr (dp ip- 1 ) 3 . (2.14) 

JS 2 ^ 47r J B 3 



This action has a conformal limit, i.e. the infrared fixed point 0, specified by A 2 = 4ir/k. 
At this fixed point it is convenient to use the Euclidean version of the light-cone coordinate 

xi + ix 2 _ x 1 -ix 2 /oie v 
z = -= — and z = -= — . (2.15) 

The WZW action is invariant under the "local" Kac— Moody (KM) transformation de- 
noted by Gl(z) <g> Gji(z), 

<j>(z, z) -> fl L (z) (f)(z, z) n- R \z) . (2.16) 

Note that even though this transformation is "local" , no gauge fields have to be introduced 
to preserve the invariance of the action S(<p). This is a special property in two dimensions 
in the conformal limit. The symmetry generators of the above transformation are the 
affine KM currents, whose left currents, J a (z)t a = —1/2 k(d z 4))(j)~ 1 , and the right ones, 
J a (z)t a = —1/2 k(p~ 1 (d z 4>) are independent from each other |||7]]. t a in these equations are 
matrices for the group representation and k is called the level in the affine KM algebra [|i7| . 
The WZW action in the conformal limit is denoted by kl(4>) in the rest of the paper. 

Let us make a small digression here. It is interesting to recall that|M], for example, 
G L = G R = SU(2), 

Tr (d^d^) ~ g {k) (z) g {k) (z) (2.17) 

where Q^ k \z) is the fractional supercurrent with dimension g| (for k > 2). So the £77(2) 
WZW theory can be expressed as the WZW theory in the conformal limit perturbed by 
the current Q^ k '(z), 

£(</>) = kl((t>) + a(X) I d 2 z g {k) (z) gW(z) (2.18) 



1 In the following the superscript "B" or "F" which distinguishes the boson from the fermion 
will be neglected. 
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where a(X) is a small parameter. This fractional supercurrent extends the Virasoro alge- 
bra[|IB| : Q^ k \z) and the stress energy-momentum tensor T(z) form a non-local fractional 
superconformal algebra [|l9|l , which is the basis for fractional superstring ||ll|| . (Note that 



for k — 2, this is simply the supersymmetric case.) 

We have shown that the first term in Eq. (|2.14|) can be substituted by the gauge 



invariant expression, Tr (D /x ^) _1 D At ^)) , where the covariant derivative D M </> was defined 
in Eq.(|2.9|). Therefore, the solution to Eq.( |2.13|) becomes how to determine the gauge 
couplings in the WZ term, T(A L , A R , 0), i.e. how to solve 

8 VL , VR T {A\ A R , <j>) = A J io\(A L , A R ; v L , v R ) (2.19) 

where the constant C2 is k/8n. However, because of the topological nature of the WZ 
term, the gauge couplings in T (A L , A R , 0) cannot be introduced simply via the minimal 
coupling. 

Here the anomaly w|(A L , A R ; v L: v R ) is known[16|: 



to 



\{A L ,A R - v L , v R ) = Tr (dv R A R ) - Tr (dv L A L ) . (2.20) 



(See Appendix A for a derivation.) Given the non-abelian anomaly uj\ above, Eq. (|2.19| ) 



for the gauged WZ term can be solved explicitly, as was done in Ref. |2(J. The basic 



idea behind the construction of T A R ,(j)) is that the WZ consistency condition (i.e. 
Eq.( [2.6|) ) allows the integration of Eq. (|2.19|) along a path in the direction which can be 



thought of as the extra dimension needed for the extension from S 2 to B 3 . The appropriate 
integration path should have T(A L , A R , <f) on the final end point, starting from an explicit 
function as the initial point. We review the detailed derivation in Appendix B and give 
the final answer here, 



Y{A\A R ^) = 1 ± ^Tr^-M^) 3 

+ — f Tr (A R ( p- 1 d(P-d(P(p- 1 A L + A R (p- 1 A l 
8tt J S 2 



(2.21) 



This simply means that the gauged WZ term, T(A L , A R , 4>), takes care of all the anomaly 
structure that we require the gauged WZW action S(A L , A R , 4>) to satisfy, i.e., Eq.( |2.13| ). 



Finally, combining Eq. (|2T2TD with Tr (D^^D'V), we obtain the gauged WZW ac- 
tion: 



S(A L , A R , 4>) = ^f d 2 xTr (D^D^) + F(A L , A R , 0) 

+ + 9n I d 2 xTv [Afy- 1 ^ - d^-'A^ + A R r l A L v 

J d 2 xTr (A L ^A^ + A R ^A R ) 



k 



(2.22) 



16tt 

If we use the light-cone coordinate, e zz = —e zz = 1 = g zz = g zz , we can simplify the above 
expression as 



;2.23) 



S(A L , A R , <P) =kl{4>) + ^- I d 2 zTr \A R ^r x d^ - A L z d z ^~ x + A R (j)~ l A 

4% J 

- A J d 2 zTr (A^A^ + A R A R ) 
where I(<p) can be expressed in this coordinate system as 

!(<P) = ^ J d 2 zTr (d^dst) ~^J B3 dtd2zTr (^^iW'^zW" 1 ^-^) • (2.24) 

The extra dimension is denoted as t. The gauge variation of S(A L , A R , </>) is given by 

S VL>VR S(A L , A r , <t>) = ^J d 2 zTv {d z v R A R - d- z v R A R - d z v L A L z + d- z v L A L z ) (2.25) 



Based on Eq. (|2~25D we can discuss at least three possible scenarios in which the action 



S(A L , A R , (j)) given in Eq.( 2.23 ) is invariant under the gauge transformation, i.e. the non- 



abelian anomaly on the R.H.S. of Eq. (|2.25|) vanishes. 

(I.) Vector Gauge Invariance: 

The vector gauge invariance can be obtained if we choose the gauge fields and the 
gauge transformation parameters to be 

A™(z, z) = A R (z, z) =A%(z, z) , Af c (z, z) = A R (z, z) = A^(z, z) 

(2.26) 

v(z, z) = v R (z, z) = v L (z, z) . 
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Thus, Eq.( 2.23 ), can be written as 



S(^ ec , A 



]T, 4) = kl(4>) + / e^Tr 



1 a vec 



A vec /tvec 



The vector gauge invariance can be verified from Eq.( |2.25| ): 



(2.27) 



8 v , v S{A? e ,AT e ,<t>) = 0- 



(2.28) 



This vector gauged action S {A v z ec , A\ ec , cj)) has been extensively studied in the 
literature [|3|,3,|T2l . We note that the axial gauge coupling can be introduced instead of 
the vector gauge coupling. In that case 



A & z {z, z) = A^(z, z)=- A*{z, z) , A%(z, z) = A%{z, z) = -Af(z, z) 

v(z, z) = v L (z, z) = -v R (z, z) . 



Ri 



(2.29) 



(II.) Local Kac-Moody Invariance: 

It is instructive to see how the local KM symmetry, Eq. fl2.16|) , emerges from our 



formalism. Let us choose 



Ai = A* = 
vl = v L (z) and v R = v R (z) 



(2.30) 



so that the gauge fields become 



A% = {AZ{z,z),0) and A*=(0,Af(z 7 z)) . 



(2.31) 



In this case, the gauge fields, A z and Af decouple from the <f> field in S(A^, Af, (f>), i.e. 
S (A^ , Af , (j)) = k I ((/)). Therefore we recover the original WZW action. Under the gauge 
transformation 

5 Vl(z) , Vr( - z) S(A^ A?, 0) = 5 VL{zhvR{ - z) kl(<f>) = (2.32) 

This gauge symmetry is simply the infinitesimal version of the local transformation in 
Eq.( |2.16|) , i.e. <j)(z,z) — > Q,l(z)4>{z, z)fl^ (z). Usually the local gauge symmetry implies 
the introduction of gauge fields. Hence the local symmetry, Eq. (p,16|) , of kl((f>) without 
gauge fields is somewhat mysterious. From our point of view, there are gauge fields A%, Af 
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associated with this local KM symmetry. It just so happens that these gauge fields simply 
decouple from the action S(A Z , Af, </>) in Eq. (|2.23| ). 



(III.) Chiral Gauge Invariance: 

Let us consider another case: 

Ai = A* = 

vl = v l (z) and v R = v R (z) 



(2.33) 



so that the gauge fields become 

Aj; = {0,A%{z,z)) and A*=(A?(z,z),0) . (2.34) 
Thus, Eq. (|2~23|) becomes 



S(A±, Af , (j>) = kl(<f>) + ^ J d 2 zTr [Aft^dgf - A^d^' 1 + Afy^Afy] (2.35) 

which will be denoted as the chiral gauged WZW action. It has the gauge symmetry 
following from Eq.( |2.25|) 

6 VLi - z) , VR{z) S(AL,AK<j>) = (2.36) 

This gauge symmetry is new and exists only in 2-dimensions. It has the advantage that 
the left gauge degrees of freedom are separated from the right ones, i.e. vl ^ vr. Both 
the gauge fields, left-handed and right-handed, have only one component, A%(z,z) and 
Af(z,z) respectively. In general the chiral gauge invariant action, Eq. (|2.35|) is different 
from Eq.( |2.27|) . The quantization of this chiral gauged WZW theory will be explored in 
the next section. 

It is worthwhile to mention that the quantization of the gauge fields with the vector 
gauge invariant action, Eq. fl2.27p has been studied extensively in the literature [f|fl]. How- 



ever, we shall see that the connection between the coset theory in the CFT and the gauged 
WZW theory has a natural setting in terms of the chiral gauged WZW theory because 
it has explicit left-right independent gauge fields. In Table 1 we summarize the gauge 
symmetries of the two different types of gauged WZW models discussed above. 
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Chiral Gauge Theory Vector Gauge Theory 

Action Eq.(pT35D Eq. p^7|) 

Gauge fields = (0 , A L z {z, z)) AT = (AT(z, z) , AT{z, z)) 

A* = (A?(z,z) ,0) 

Gauge symmetry 5<j> = vl(z) <f) — <j> vr(z) 5(f) = v(z, z) 4> — cf> v(z, z) 

5A L Z = -d s v L [z) + [v L , A L Z ] 5 AT = -d z v(z, z) + [v, AT] 

5A* = -d z v R {z) + [v R , A*} SAT = -d z v(z, z) + [v, AT] 

Table 1. Chiral and vector gauged WZW theories. 

It will be shown in Sec. 3 that when the left gauge group is the same as the right one 
in the chiral gauge theory, i.e. Hl = Hr, the quantized chiral gauge theory is the same as 
the quantized vector gauge theory. 



3. Quantizations of the Chiral Gauged WZW Theory 

The quantization procedure for the chiral gauged WZW theory is very similar to that 
for the vector gauged WZW theory 0. Here we shall give a self-contained presentation. 
Formally the partition function is defined by 

Z = J VAfVA^exp (S(A^Af^)) (3.1) 

where S(A% , Af, (f>) is given by Eq.( |2.35| ). The gauge fields A\ and Af belong to the 
adjoint representations of gauge groups Hl and Hr which are subgroups of Gl and Gr 
respectively. Ag(z, z) and A^(z, z) can be parametrized in terms of h(z, z) and h(z, z) by 

A\ = h~ l d- z h and Af = -dzhhT 1 (3.2) 

These parametrizations simplify the action S(A L , A R , (J)) and facilitate the separation of 
the gauge degrees of freedom from the physical degrees of freedom. By exploiting the 
Polyakov-Wiegmann formula 

/(#) = 1(g) + I(<P) - i- J rf 2 xTr (g-^g d z (f> ■ , (3.3) 

S(Afj, Af, <f>) can be rewritten in terms of h } h and <f> = h<f>h, i.e. S(A%, A R , <p) = S(h, h, <f>) 
where 

S(h, h, 5) = kl($) - kl(h) - kl(h) (3.4) 
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The gauge transformations on h, h and (p can be found from the transformations on 
A%, A R and (j>, 

A\ - g L {z)A L z g- L \z) - d s g L {z) ■ gl\z) = (h gl^d^h g^ 1 ) 

^h^h' = h-gl\z) 
A? - g R (z)Afg^(z) - d z g R (z) ■ g^(z) = -d z (g R h) ■ (g R X)" 1 (3.5) 

^h^h' =g R {z) -h 
<P -> 9l(z) <f) g R l {z) =^J^J, 

where <7l(z) and g R (z) are the finite gauge transformations determined by vl{z) and 
v R (z) respectively. From Eq^^), we see that A^ is invariant under the transformation 



h(z,z) — ► Ul[z)}i(z, z). Similarly, A R is invariant under the transformation h(z,z) — ► 
h(z, z)U R (z). These are half of the affine KM symmetry. Hence the action Eq. (|3.4| ) is 
invariant under 

h -+U L (z) h g2 l {z), h g R (z) h U R (z) 

(3.6) 

<P = h <p h ^ U L (z) <P U R (z) 



Following standard procedures, we shall remove the gauge volume in Z in Eq.( [3.1|) . In 
the new variables (h,h,(j)), we must also factor out the half-KM symmetry volume (due 
to the symmetries, Ul(z) and U R (z)) in the partition function. This can be achieved by 
picking out particular h p (z, z) and h p (z, z) from their respective gauge orbits and "half-KM 
orbits" . We shall refer to this procedure loosely as gauge-fixing. 

The Jacobian for the change of variable Eq. ( |3.2|) can be calculated from 

VA±VA R V(p = JVh Vh V4> (3.7) 

where J is the determinant of an upper triangle matrix. The variation of A L,R can be 
determined by that of h, h, 

5A± = 5{h~ l )d z h + h^dztfh) = B^dh' 1 ■ h) 

„ „ (3.8) 

SAf = -dziStyh- 1 - d z h 5(/i _1 ) = D R (5h ■ h' 1 ) 

where T)^ R is the covariant derivative, D^' fl = — <9 M — [A^ ,R , ]. Therefore the Jacobian 



is 



J = det(D±) det(D R ) . (3.9) 



12 



These two determinants are evaluated in Appendix C and are equal to 

(dim Hl 
JJ det 5 ap d z 
a, (3=1 



(det Df) = exp 2C 2 (H R )I(h) 



dim Hr 



(3.10) 



Yl det 5 af3 d- z 

a,P=l 



where C 2 is the dual Coxeter number, defined by the structure constant of the gauge group, 

Finally we can combine Eq.( [3.1|) , (|37|), (|3.4|) , (|3.9| ), ( |3.10|) and exponentiate the de- 
terminants (det 5 a ^ dz) and (det d z ) to rewrite the full quantum partition function 



as 



^gauged-fixed = / V h p V h p V(j) exp (-kl((j>)j 



(3.11) 



'dimH-L / p. 

exp ( [k + 2C 2 (H L )} I (h p ) ) I Yl Vb^Vc a exp ( - / d 2 zb a z dc a 

dimHn , „ 

exp ( [k + 2C 2 (H R )} I(h p ) ) ( Y[ Vb%Vc a exp I- d 2 zb?dc< 



where 6", c a (and 6", c Q ) are spin (1,0) ghosts introduced for each generator of the gauge 
group Hl (and Hr). The 2-point function, mode expansions and anticommutations of 
b z , c a are standard: 



w 



z — w 



and b?(z)b%(w) = c a (z)c /3 (w) = 



b"(z) = J2 z ~ n ~ lb z,n and c a (z) = J2 z ~ nc n ( 3 - 12 ) 

n n 

{&?,», ci} = 5^5 n+m and {6« n , fef >m } = {c« , <&} = . 

6",c° have similar constructions. 

As familiar in the quantum gauge theory, the inclusion of the ghost fields allows us 
to construct the BRST operator whose nilpotency guarantees that the gauge symmetry is 
maintained at the quantum level. The construction of the BRST operators relies on the 
remaining symmetries in the gauge-fixed Z in Eq.( |3.11j ). To find out such symmetry we 
first review the affine KM symmetries in the WZW actions I(h p ), I(h p ) and I(4>). The 
KM currents are denoted by J%(z), Jj^(z), J$( z ) an d J$(z) where a = 1, 2, dim G, 
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a = 1, 2, dim Hl and (3 = 1,2, <iim .H^. Those currents have the operator product 
expansions(OPEs) 

5 ab k/2 f abc J% 

J6( z )Jd>( w ) = 7 ^5" + 7 T + regular terms. 

9 9 (z-w) 2 (z-w) , 313 . 

j- W j* („) = gfh^zftt^] + + regulai terms . 

[z — w) z (z — w) 

where f abc and / a ^ 7 are the structure constants of the group Gl and the gauge group 
Hl respectively. The right-handed currents can be similarly constructed. The mode 
expansions in terms of moding operators of these currents are Jl(z) = J2 n z n ~ 1 J^ _ n and 
J^, J£ and J~* have similar expressions. The commutation relations between the moding 
operators can be obtained through the above OPEs. The ghost action in Eq.( p.lll) also 
has affine KM symmetries generated by KM ghost currents 

J&{z) = ~r Pl ■■ ■■ (*) (3-14) 
which satisfy affine KM algebra of group Hl at level 2Ci{Hl)- So we can define 
Jt ot (z) = J$(z) for a G G L , and a & H L 

Jtot(z) = J$(z) + J£(z) + J^(z) for aeH L . ^ 
Note that the (z — w)~ 2 term is absent in the OPE 

JZtWJLW = 1 + for a, (3 G H L (3.16) 

z — w 

i.e. the {J£yt( z )i for a G Hl} current algebra is free from affine KM anomaly as re- 
quired by the gauge invariance. Similarly the antiholomorphic KM currents J" ot (z) can be 
constructed. Hence the holomorphic and antiholomorphic BRST operators can be found 

„ dimHL 
QkRST = fdz J] C a (z)J? ot (z) 

Q=1 (3.17) 

/dimHn 
d-z n c«(z)j t a ot (z) 
a=l 

These two BRST operators correspond exactly to the gauge symmetry generated by v l(z) 
and v R (z). They can also be written in terms of the moding operators of the currents 
and the 6, c ghost, e.g. 

oo ^ 
QbRST = X^ C - n (J<t>>n Jh,n) ~ — J a ^T : c °_ n b_ m cJ l+m ■ (3.18) 
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The anticommutation relations between these BRST operators can be easily checked from 
Eq.( gTp ; (|3T3D and (CT ), 



{Q BRST 5 QbRSt} — {QbRST 5 QbRSt} ~ {QbRST 5 Qbrst} =0 (3.19) 

which guarantee the nilpotency of the BRST operators. 

There is a special case in which h p and h p fields decouple from the matter and ghost 
system. It can be seen from Eq.( |3.11| ) that when the level k = —2C2 (Hl), the h p field 
decouples from the action and the integration over h p becomes an irrelevant volume fac- 
tor which can be factored out from the path integral. This can also be seen from the 
construction of the BRST operators without including h p in Qbrst ^ ^- e - 

dz J] c a (z)[J$(z) + J£ h (z)] (3.20) 

a=l 

which satisfies 

00 

{Qbrst , Qbrst] = (k + 2C 2 (H L )) mc a _ m c^. (3.21) 

m=l 

Hence the nilpotency of Qbrst without h p is guaranteed if the level k = —2C2(Hl); 
similarly Qbrst ^ s nilpotent without h p if the level k = —2C2(Hr). Therefore, k has the 
critical value when k = —2C2(Hl) = —2C2(Hr) because h p and h p both decouple from 
the theory. Thus the chiral gauged WZW theory is remarkably similar to the vector gauged 
WZW theory. The Q brst in Eq. ( |3.17| ) was first considered in Ref. and the special case 
Eq.( |3.20| ) was first considered in Ref. pTf . 

4. Chiral Gauged WZW Theories and Coset Models 

Now we are ready to demonstrate the equivalence of the gauged WZW theories and 
the coset models in CFT. Our analysis is motivated by the work on the two-dimensional 
quantum gravity |22| and the starting point is Knizhnik and Zamolodchikov's formulation 
of WZW theory. The primary fields in the chiral gauged WZW theory are considered as 
the primary fields in the original (i.e. ungauged) WZW theory dressed in the "clouds" of 
the gauge fields. By an examination of the correlation functions (or more precisely the 
conformal blocks) of these dressed primary fields, we shall show that the chiral gauged 
WZW theory are isomorphic to the coset theory G/H. This result follows from the fact 
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that the "gauge clouds" surrounding the primary fields of the original ungauged WZW 
theory are precisely the primary fields of H but with a time-like metric. So they effectively 
cancel that part of the primary fields of G which belongs to H. For the sake of concreteness, 
we will consider two examples in some detail: (1) G = SU(2)k with Hl = Hr = U(l) and 
its equivalence to the Zk parafermion (i.e. SU(2)k/U(l) coset) theory; (2) G = SU(2)k <8> 
SU(2)i with H = 577(2) will be shown to be isomorphic to the coset theory SU(2)k <8> 
SU(2) L /SU(2) k+l . 

As discussed in the last section, there are affine Kac— Moody currents J%(z) and J^{z) 
in the WZW theory, whose OPEs are listed in Eq. (|3.13| ). The primary fields G A '^ (z, z) of 
the WZW theory with quantum number A, A in the representations A, A satisfy 

JAz)G, \ (w,w) = h reg. terms 

Z ~ W ' (4.1) 

, t (tl)- X yG A 'i(w,w) 
J%(z)G A > A (w,w) = +reg. terms 

V A, A ^ _ w 

where t\ and are the matrices of the group generators in the representations A and 
A respectively. The Fock space of the WZW theory is built up by applying the negative 
modings of the holomorphic and antiholomorphic currents on G A '£(w, w). Because J^(z)'s 
are independent from J^(z)'s, we can separate the holomorphic and antiholomorphic parts 
of the fields in the WZW theory, i. e. G A '^(w, w) = G A (w)G^(w) and similarly for all other 
states in the Fock space. The holomorphic part of the stress energy-momentum tensor in 
the WZW theory is given by the Sugawara form 

1 dim G 

a=l 



Therefore the highest weights of G A '^(w,w) can be obtained from Eq.( |4.2|) and (|4.1|) 



a _ C A (G) a A _ C A (G) 



where C\ is the quadratic Casimir of the representation A. 

In the chiral gauged WZW theory, the currents are given in Eq. (|3.15 ), 



J t a ot (z) = J%(z) for a E G L , and a g H L 
JtZt(z) = W + Jh(z) + J&(z) for aeH L . 
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(4.4) 



The OPEs among the currents are listed in Eq.( 3.13 ). The holomorphic stress energy- 
momentum tensor of the chiral gauged WZW theory is 



T to t(z) = T^z) + T h (z) + T gh (z) (4.5) 
where Th(z) is also given by the Sugawara form 

dim Hl 

r *M= [- fc -2 W] + W E ■■WW-- 

Q_1 (4.6) 

dim H L 



k + C 2 (H L ) 

a=l 

where the additional minus sign follows from that in Eq. ( |3. llj) . The stress energy- 
momentum tensor of the ghost, T g h(z), is 

dim Hl 

M = - K(z)d z c a (z). (4.7) 

a=l 

Therefore the central charge of T tot (z) is precisely that for the G/H coset model, 



k.dim{G L ) {-k-2C 2 {H L )].dim(H L ) 

Ctot = k + C 2 (G L ) + -k-C 2 (G L ) 2 ' dim{HL) 

k ■ dim{G£) k ■ dim(Hi,) _ 
= k + C 2 (G L )- k + C 2 (H L ) = c o-^ = ^/h 



(4.f 



which was first observed in Ref. §| . 

Let us recall from the previous section that the physical primary state, \$>(w,w) > 

L R 

®|0 > gh ® |0 > gh , in the chiral gauged WZW theory are the BRST singlet states 

Qbrst (Mw, w) > ®|0 >gh |0 > *) = (4.9) 

L R 

where |0 > g ^ are the ghost vaccum satisfying, for a = 1, 2, dimB.^ 

c«|0> gh = n>l, and &°|0> gh = n>0. (4.10) 
The state |0 > gh is also annihilated by the zero mode of the ghost current, J gh |0 > gh = 0. 

R 

Similar constraints apply to |0 > g h- Therefore from the construction of BRST operators, 
Eq.(|£I5D and (|3~T7D , we obtain 

J&t{z)®(w,w) = ( J $( z ) + J h(z)) $(w,w) = reg. terms 

-0 - ( -0 - -0 - \ - ( 4J1 ) 

Jt ot (z)&(w,w) = iJ^(z) + J~(z)J $>(w,w) = reg. terms 
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where /3 = 1, 2, dim Hr. The physical primary fields in the chiral gauged WZW theory 
can be considered as the WZW primary fields dressed up by a cloud of the gauge fields, 



h p and h p , 



$^(w,w) = F 1 (h p )(w,w) (G$(w)G$(w)) F 2 (h p )(w,w). (4.12) 



The above factorization property is also justified from the independence of J%(z) and 
J%(z) (also J£{z) and J~*(z)). Since the h p field only appears in the holomorphic currents, 
J t o t (z) and Ttot(z), and similarly the h p field only appears in the anti-holomorphic currents, 
J" ot (z) and Ttot(z), it is natural to choose the dressing Fi(h p ) as a holomorphic function 
Fi(h p )(z) and the dressing F 2 (h p ) as an anti-holomorphic function F2(h p )(z). In other 
words, Eq.( |4.11j ) can be further simplified as 



(J$(z) + J%(z)) S>$(w) = reg. terms 

(j%{z) + J^)J = re §- terms 



(4.13) 



where 



*$(w) = H£(w) ■ (#(«,) , = H}{w) ■ G$(w) . (4.14) 

and H^(w) satisfy 

J%(z)H£(w) = z _ w + re §- terms ( 4 - 15 ) 



where (t^ H )\,\> = if a = 1, 2, dim H^. To illustrate Eq.( |4.15( ), consider G 



SU(3), H = S77(2) and A = the fundamental representation of 577(3). The tj^s defined 
in Eq.( f4.1|) are the Gell-Mann matrices, where a = 1,2, ...,8. Then the matrices H for 
a = 1, 2, 3, can be decomposed into a block-diagonal form in terms of the representation 
matrices of 577(2), 

(tl, H ) = («?=i/ 2 ) © (*i=o) (4-16) 

where (t") are the spin-j representation matrices of 577(2) with dimension (2?+l) x (2j+l). 
Here fi" =1 / 2 ) are Pauli matrices and (t" = o) = 0- H^(wys satisfy similar constraints. The 
minus sign in front of (t%jj) indicates that 27- (w;)'s are time-like fields. The highest 
weight of H^(w) with respect to the stress energy- momentum, T^(z), Eq. (|4.6|) , is 

T h (z)H£(w) = f^%H£(w) + ... (4.17) 
(z — wy 
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where A^- = C\{Hi)/{k + Cz(Hl)). C\{Hl) means symbolically the quadratic Casimir 
of the representation that A belongs to. Note that the additional minus sign in Eq.( }4.17| ) 
follows from Eq. (|4.6| ) . Therefore the highest weig ht of $$(w) is 

T tot (zM(w) = A ( f lffi $AM + - (4-18) 

which is the same as that of the primary fields in the coset theory G/H. In the above 
example G/H = SU(3)/SU(2), A^ = Therefore, with respect to T h , the highest 

weights of H^(w), for A = 1, 2 and that of H^ =3 (w) are respectively 

A A=1,2 3 



Hl 4(^ + 2) (419) 



A*= 3 = . 

The holomorphic part of the correlation functions of these dressed primary fields can 
be calculated as 

<<(, 1 )$tW-$t(^)> 



Since this expression is in general a linear combination of conformal blocks, we may for con- 



venience consider one conformal block at a time. The primary field G^ can be decomposed 



into G$(z) = g$(z)n$(z) where fi£(z)'s satisfy 

A (*ah)av^a'H 

J$ ( z ) n \ H = — ' z '_ w + re §- terms ^ 21 ) 

J^(z)g^(w) = reg. terms for a = 1, 2, dim Hl 

where (t^ H ) is the same as that in Eq.( |4.15[ ). 

Because of the time-like nature of the dressed field (due to the additional minus 
sign in front of I(h p ) in Eq.( |3.11| )), the second factor on the right-hand side of Eq.( f4.20| ) 
is the reciprocal of the conformal block of the corresponding fields in the representation of 
the subgroup Hl, i.e. 

< H£(z 1 )Hg{z 2 )...H£(z n ) >= {< n£(z 1 )St%(z 2 ).M£{z n ) >}"' . (4.22) 

Therefore Eq.( ^.20| ) is equal to the conformal block in the coset theory G/H, i.e. 

< <(^< 2 (^ 2 )...<"(^) >=< gtM)9t{^..gi:{z n ) > (4.23) 
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The antiholomorphic parts can be similarly calculated. To obtain the correlation function, 
we have to impose the monodromy invariant and fusion invariant conditions in combining 
the holomorphic and the anti-holomorphic conformal blocks. For simple theories, consis- 
tent correlation functions exist only for Hl = Hr, which is equivalent to the vector gauged 
WZW theories. However, in the construction of heterotic type of string models|23|], there 
exists consistent left-right asymmetric correlation functions which can be possibly provided 
by the chiral gauged WZW theories. 

To illustrate in more detail the general formalism presented above, two examples 
are given in the following, i.e. Z\. parafermion (PF) {i.e. SU(2)k/U(l) coset theory) and 
SU(2) k ® SU{2)i/SU{2) k+ i coset model. 

(I.) G = SU{2) k , H = C/(1) : 

For the sake of concreteness, we briefly summarize some results in the SU(2)k WZW 
theory 0. The holomorphic SU(2)k KM current algebra has the following OPEs among 
its dimension-one currents: 

+ k 2J?(w) 

J 1( Z ) J 6 ( w ) = 7 To H + re §- terms 

v v (z — w) z z — w 

j}(z)J±(w) = *_J +reg. terms ( 424 ) 
k 12 

J 4>( z ) j j,( w ) = 7 \o re §- terms 

v v (z — w) z 

The holomorphic stress energy-momentum tensor is given by the Sugawara form 

Tsu(2)(z) = ^ E : WW : ( 425 ) 

a 

whose central charge is csu(2) = 3k/(k + 2). The antiholomorphic currents, J^(z) and 
J,(z), commute with the holomorphic currents and obey a similar algebra. The primary 
fields in the SU(2)k WZW theory are denoted by G 3 j-.(z, z), satisfying 

Jl n GH(z, z) = o = ./;:.,/;•;;;(:. z), for n > o 

J+G%z,z) = =J+(M( z ,z) (4.26) 



i3 K ' > "*.o"jJ» 

.1,1 ' .1,1 ' ' u <t>,0^ j.j ., ,_j 



JloGWz, z) = jGH(z, z) , Jln&Afr z) = jGft{z, z) 



where n and J^ n are the moding operators defined by J£(z) = J2 n ^4>n z n 1 an< ^ 
J$( z ) = J2 n J&n z ~ n ~ • The Virasoro primary fields, Gmm( z i z ), are defined by 



G™ m (z,z) = (J^y^iJ^y-^G^z) (4.27) 



3,3 
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whose J| q quantum number is m and the highest weight is A- 7 = j(j + l)/(k + 2). As 
discussed above, the primary fields can be separated into the holomorphic and antiholo- 
morphic parts, i.e. G™ m (z,z) = G 3 m (z)G 3 m (z) . 

Now let us consider the chiral gauged WZW theory where Hl = U{1). The left U(l) 
gauge field A^(= h~ 1 d z h) has the action as shown in Eq.( |3.11|) 



S(h) = -kl(h) = — ^ / (fzdnh^d^h = -i / d 2 zd z ad- z a (4.28) 

loir J o7T J 

where the WZ term vanishes and C2{U(1)) = 0. In Eq.( [4.28| ) , h has been parametrized by 

h = exp (-ia{z, z) /Vk\ . (4.29) 

Eq.( [4.28l) is the action of a free time-like boson with the equation of motion, d z d z o(z, z) = 
0. Therefore we can separate the holomorphic and antiholomorphic parts, a(z, z) = a(z) + 
(j{z). The 2-point functions of cr(z) and cr(z) can be normalized as 

< a(z)a(w) >= 21og(z - w), < a(z)a(w) >= 2log(z - w). (4.30) 

Hence h becomes 

h = exp ^— ia(z)/Vk ) exp (-ia(z)/Vk .) (4.31) 

A chiral gauge transformation, g^iz) = exp ^— ia(z)/\^ttj , can be used to remove the 
gauge degree of freedom such that h(z, z) becomes a holomorphic function, h p (z), 

h p (z) = exp (-ia(z)/\/kj . (4.32) 



The U(l) current Jh from the action Eq.( 4.28 ) is defined by (using the formula shown in 
the paragraph below Eq.( |2.16p ) 

J h {z) = ^ ■ (-*) ■ d z h ■ h- 1 = ZLVkd z a{z) (4.33) 

which satisfies U{1) KM algebra at the level "— fc", justifying the action Eq. (f4.28| ) we 
started with, 

-k/2 
(z — wY 

Jh commutes with the original SU(2)k KM algebra, i.e. 



Jh(z)Jh(w) = — — — 2 + reg. terms. (4.34) 



Jh(z)J^ ) ' ± (w) = reg. terms. (4.35) 
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The a field has the stress energy-momentum tensor T a (z) = \d z od z o with central charge 
c a = 1. The 6, c ghost action in Eq.( |3.1l1) has the stress energy-momentum tensor Ti, c (z) = 
—bd z c whose central charge is c g h = — 2. Here J g h vanishes because of the abelian nature 
of Hl- Therefore, 

jL(z) = 4(z) + j h (z) 



where </ to t 0) <Aot M ~ re S- terms. 



(4.36) 



Note that the KM anomaly term is absent as is required by the gauge invariance. The 
stress energy-momentum tensor of the left-moving gauged WZW theory is obtained as 

Ttot(z) = T su{2) (z) + T a {z) + T bc (z) (4.37) 

whose central charge is c to t = Sk/(k + 2) + 1 — 2 = 2(k — l)/(k + 2). The above discussion 
applies equally to the right-handed sector if Hr = {7(1) also, where 

h p (z) = exp (^—ia(z)/Vkj and J%(z) = -^VkdgCr(z) . (4.38) 

Following from the discussion between Eq. (|4.11| ) and ( f!.13|) , we have to solve 



(J|(z) + J h {z)) & m (w) = reg. terms 
(J}{z) + J~ h (z)) = reg. terms 



(4.39) 



where 

& m (z) = F 1 (h p )(z) ■ G* m {z) , $4(z) = F 2 (h p )(z)Gl(z) • (4-40) 



The answers are 

&Jz) = C&(*)exp {-ima{z)/Vk) = & m {z)h™{z) 
$h{z) = Gi(f)exp (-ima(z)/Vk) = €^{z)h^{z) . 



(4.41) 



The holomorphic part of the correlation functions of these dressed primary fields can be 
calculated as 

< >=< G%M) G %M)--- G % n M > • 

(4.42) 

^ e (-imicr(2:i)/\/fc) e (-jm20-(22)/v / A;) g (— im n tr(zn)/ Vk) y 

where the first factor is the correlation function of SU(2)k WZW theory. These correlation 
functions are exactly the same as those in the parafermion (PF) theory pTOf] . To show 
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this more explicitly, we can use the Z^ PF as a particular parametrization of the SU(2)k 
KM currents (the antiholomorphic part is again omitted) , 

J + (z) = Vkipi(z) exp (ip(z)/Vk) 

J~(z) = \fktp\(z) exp (-ip(z)/Vk) (4.43) 
J 3 (z) = l -Vkd z p(z) 

where tpi and are the PF currents which are the symmetry currents in the PF theory. 
p(z) is a free space-like boson with the two point function 

< p(z)p(w) >= -2 \og(z - w) . (4.44) 

The central charge of this PF is cpp = 2(k — l)/(k + 2) which is the same as that for 

Eq. ( f4.37|) . The primary fields ^ J m in the Z^ PF theory are also related to those in the 
WZW theory as 

Gl{z) = ¥ m {z) exp (imp{z)/Vk) (4.45) 

whose highest weight is 

A (#4) = AJ ~ m2 / k ■ ( 4 - 46 ) 

Hence it can be shown that 

<^ 1 {z 1 )&£ 2 {z 2 )...$t n {Zn)> 

=< q% i (z 1 )q% 2 (z 2 )...q%Jzn) >< e ( imip{zi)/ ^)e( im2p{z2)/ ^)..A imnP{Zn)/V ><) > 

<- e (-«"ilcr(2 : i)/v / fc) e (-im2a-(z2)/v / A;) e (-im„ff(z n )/\/fe) y 

(4.47) 

where 

_ _ _ n 

< e (- im l CT ( z i)/v / fc) e (-*m20-(2 2 )/v / fc) ___ e (-im„o-(2„)/v / fc) >= J~J J^(Zj — Z j)~ 2mim i/ k (4.48) 



and 



<• e (-irn 1 p(z 1 )/^/k) e (im 2 p(z 2 )/Vk) e (im n p(z n ) / VF) >= J~J TT(^ — z ^ 2rn i m j/ k (4 49) 

i=l j>i 



according to the 2-point functions in Eq. (|4.30|) and ( [4.44j) . This demonstrates that 



< ^ i (z 1 )^ 2 (z 2 )...^ n ( Zn ) >=< *&M)*&M»-*i!nM > ■ ( 4 - 5 °) 
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Note that the highest weight of & J m (z) can be calculated as 

{T su{2) (z)+T a (z)+T gh (z)) d>4H = { ^~ m2 ' K - <&4H + - (4-51) 



which is the same as that in Eq. ( 4.46| ) . This establishes the isomorphism between the chiral 



gauged WZW theory and the PF theory in the CFT. In this picture of the gauged WZW 
theory, the gauge fields form a "cloud" surrounding the primary fields in the WZW theory 
and screening the U(l) subgroup of the SU(2) WZW theory. According to Eq.( [4.30|) , h p 
is treated as a non-unitary theory based on a time-like boson, in contrast to the space-like 
boson defined in Eq. (|4.44j ). In other words, the gauge fields cancel one physical unitary 
degree of freedom from the original WZW theory, leaving the unitary PF behind. The 
original SU(2) symmetry is no longer present in the gauged WZW theory, which can be 
understood when applying J$ to <& J m . The resulting states, jQ<& J m (z) = G J m±1 h™ , do not 
satisfy the physical state condition, Eq. (^4.39| ). This implies that the "physical currents", 
Jp, in the chiral gauged WZW theory are also screened by a cloud of gauge fields. The 
simple requirement is 



This implies 



It can be checked that 



J±( z ) = J±( z ) eX p (ria(z)/Vk) . (4.53) 



J^ ot (z)Jp(w) = reg. terms (4.54) 

which means that the negative modings of can be used to act on the physical primary 
fields and generate the descendants in the gauged WZW theory. The OPE between J+ (z) 
and J~ (w) can be calculated as 

J+(z)J-(w) = (J + (z)J-{w)) (exp (-ia(z)/Vle) exp {ia{w)/Vk^j 



k 2J 3 (w) \ 

+ — + ... (z-w) 2/k 



[z — w) 2 z — w 
(z-w)- 2+2 / k [1 + ...] 



—j={z — w)da(w) 
yk 



(4.55) 



which is isomorphic to that of the Z^ PF currents ipi and ip\ . This concludes our argument 
that the chiral U(l) gauged SU(2)k WZW theory is isomorphic to the PF theory. The 
above argument can easily generalize to the case where both Hl and Hr are abelian. 
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(II.) G = SU(2) k <g> SU(2)i, H = SU(2): 

In the case where G is not simple but semi-simple, the above analysis must be slightly 
modified. To be specific, let us consider the case when G — SU(2)k <8> SU(2)i where both 
k and I are integers. In this case, the WZW action can be written as 

S{<l> 1 ,<h)=kl(<j> 1 )+ll{<fo). (4.56) 

The chiral gauge coupling, H = SU(2), can be introduced as that in Eq.( |2.35| ) 

S(Ai, A* , </>!, </> 2 ) = S{A L Z , A* 00 + S(A%, A* 2 ) . (4.57) 

Then Eq.( |3.4j ) for this case becomes 

S{hX 01, ^ 2 ) = fe/(0O + - (k + l)I(h) - (k + l)I(h). (4.58) 

The Kac— Moody currents from 4>i,(f>2,h p and h p and the associated Sugawara stress 
energy-momentum tensors can be similarly constructed as discussed before. Therefore, we 
can first calculate the total central charge for the holomorphic sector, 

c 3k + 31 + ?>(-k-l-A) 2x3 

k -\- 2 I -\- 2 k I 2 / . _q\ 

_ _3^_ _31_ 3(k + l) 1 ' } 

~ k + 2 + 1 + 2 k + l + 2 

which is the same as that of the SU {2) ^® SU {2)i / SU (2)k+i theory. Before the introduction 
of gauge couplings, the primary field of SU(2)k x SU(2)i is 

Qhhlxh = (G J1 (z)G n (z)) (g ]i (z)G h (z)) (4.60) 

where the m quantum number is suppressed, i.e. G^(z) = G J j(z). 

Let us consider the sector (z)G^ (z)l which includes both the primary field and 
its current algebra descendants. From Eq. (|4.58|) , we see that the gauge field's contribution 
behaves like a SU(2)k+i WZW theory with time-like metric. Since the \G J1 (z)G- 72 (z)] 
sector is reducible in terms of the representations of SU(2)k+i WZW theory, this means 
the (z)G^ 2 (z)\ sector contains subsectors, each of which will have different gauge 
dressing when we turn on the gauge couplings. Therefore, we have to decompose the 
sector [Gr 71 (z)Gr 72 (z)l into subsectors 

[G*{z)G*{z)] =J2 V L( Z ) ( 461 ) 
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where generically j = 0, 1/2, (k+l)/2, with the restriction j = j\+ji (mod 1). Therefore 
the conformal dimension of V- ■ (z) is 



A M . ) = Ml±l) + *»(j 2 + l) . (4 . 62) 

V k + 2 1 + 2 J1J2 



where iV^ - 2 is a non-negative integer. 

Following the discussion between Eq.( 4.1ll ) and (|4.15| ), we find the dressed primary 



fields to be 

^ lj ^ = H j ^ i+h (z) (4.63) 

where the dressing field H°- i+ - 2 (z) is a time-like primary field in the spin j representation 
of SU(2)k+i theory, and i7j i+j2 (z) has the conformal dimension + l)/(k + I + 2). 
Hence the conformal dimension of ^ J j 1 j 2 (z) is given by 

A(&. . ) = Jl(jl + 1) + - 72( - 72 + 1) - 3ij + 1) + N j . (4 64) 

1 J1J2) k + 2 1 + 2 k + l + 2 J1J2 { ' } 

which is the same as that of the primary field in the 577(2) coset theory. The holomorphic 
correlation function of these dressed primary fields are given as 

Ji(l)j2(l) v L > Ji(2)j 2 (2)V *) 3i(n)j 2 (n)\ n ' 



< jH Jl(l)+j2(l)^ 1 ^ii(2)+j 2 (2)^2j--- J H J - l(n)+j2(n) ^n) > 



which is the same as that of the SU(2)k ® SU(2)i/ SU(2)k + i coset theory. To see that 
< ^fe)--^'^ 1 \ • c \(#n) > is the correlation function for the coset 

Ji(l)j2(l) v ±y Ji(2)j 2 (2)^ z ^ 3i(n)j2(") v n > 

theory, we can decompose the WZW primary field, 

HjM = 9L 2 m i+h (z) (4.66) 

where g J - ■ (z) is the coset primary field and G J - , • (2) is the primary field with m quantum 
number ?i + J2 in the spin-j representation of SU(2)k+i WZW theory, whose conformal 
dimension is j(j + l)/(k + I + 2), which is exactly opposite to that of H -^- (z). From 
the argument leading to Eq.( |4.23| ), we can see that the holomorphic correlation function, 
Eq.( |4.65|) , is precisely that of the 9j^(i)j 2 u)( z i)j i- e - the holomorphic correlation function 
of primary fields of the SU{2)k ® SU(2)i/ SU(2)k+i coset theory. 
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5. Explicit Representations of the Matter Fields 

In this section, two explicit examples are briefly discussed to illustrate some of the 
issues in the chiral gauged theory. The first one is the SO(N) representation of real 
fermions in which we can see why chiral gauge coupling is anomaly-free. The other one 
is a free spin (1,0) system of uj^ a , uo a in the adjoint representation of Gl and couples to 
chiral gauge fields in Hl = Gl; this is an example of the critical k case in which the h p 
fields decouple. 

As an example of Eq. (|2.1| ), real fermions with the chiral gauge couplings in two di- 
mensions can be introduced with the action 

S =^J n^dz + AftfjW (5.1) 

where i = 1, 2, N for N > 4. We can consider these fermions forming a vector repre- 
sentation of SO(N) with the representation matrix t a . a = 1, 2, dim (SO(N)) for each 
generator. The affine KM currents can be constructed as 

J a {z)=^{z)t%^{z) (5.2) 

satisfying SO(N) affine KM algebra at the level k = 1. Here the gauge couplings are 
chiral, i.e. in Eq.(|5TTD A L = (0, A\ ) and A R is absent. 

Before we consider the vacuum polarization of this theory, let us first consider the 
general current-current correlation function, < J^J„ >= = 5 ab Ii^ u: which has the 
general form, 

IW?) = g^q) + ^H 2 (q) + ^^n 3 ( ? ) (5.3) 

q zq 

where q^ is the momentum and Tli(q) are functions of q 2 . As is clear from the form 
of Eq. (|5.3|) , it is impossible for all (vector, axial, chiral) currents to be conserved. For 
example, the requirement of the vector current conservation demands 

q^U f , u (q)=0^U 1 (q) = -U 2 (q) and n 3 (g) = (5.4) 

while the conservation of the axial- vector current implies q\e > "^Il llv {q) = which demands 

III = and n 3 = . (5.5) 
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Hence the demand of both conservation implies 111 = 112 = 113 = 0. An examination of 
the one-loop diagram shows that we can regularize the one-loop effect such that either 
( [5.4|) or ( |5.5|) can be satisfied. This is sometimes called the renormalization condition. But 
there does not exist a regularization choice such that all 11^ (q) vanishes. Therefore if the 
fermions are coupled only to vector or only to axial vector currents, the gauge invar iance 
can be maintained, but not when coupled to both. 

For the theory Eq.(|5.1|), only J" couples to A%, so il"^ is the vacuum polarization 
from the fermion loop contributions. The chiral gauge invariance requires that 

= q s U zz {q) = | [U 2 (q) - n 3 (g)] (5.6) 

where the coordinates g zz = 1 and e zz = 1 are used. Therefore, the renormalization 
condition can be chosen as II2 (q) = II3 (q) such that the chiral gauge invariance is preserved. 
Since in this case C2(SO(N)) = N — 2, the full quantum action has to include h p field as 
discussed in Sec. 3. 

The next example is the free ghost system of spins (1,0), a/ a , u a . Their action is 

/dimGL 
d 2 z JJ J a 8 to a . (5.7) 

a=l 

The equations of motion are du a = = du^ a . The non-trivial OPEs between them are 

u a (z) J\w) = = - J a (z) u\w) (5.8) 

z — w 



(5.9) 



and the rest are regular. The action, ( |5.7|) , has a local symmetry determined by 

g L (z) = exp ( v L {z)) with v L ( z ) bc = e a (z)f£ c 
and uj^ — > uj^ gj j 1 {z) , u — > gL(z)uj . 

The infinitesimal variations of the fields are 

5 a oo b (z) = e a (z)tf c u c (z) = e a (z) [Q a , oo b (z)] 



d a ^\z) = e a (z)f b a c J C (z) = e a (z) Q a , J\z) 



(5.10) 



where Q a is the generator of the global transformation in Eq.( |5.9| ) and the index a is not 
summed over. From the OPEs in Eq.( |5.8| ), we can easily solve Q a as the contour integral 
of the affine KM symmetry current 

Q a = j dzJ a = j dzf abc uj b u ]C (5.11) 
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These currents satisfy 



j« (z)Aw)= ^m + f^£M + .... (5 . 12) 

(z — w) 1 z — w 



which is the affine KM algebra at level k = — 2C*2(Gx). We can now introduce the chiral 
gauge symmetry, i.e. replacing e a (z) by e a (z). The covariant derivative can be introduced 
as D s = dz + Ai. The action becomes 



dimGL 



(5.15) 



<* 2 2 JJ w ta (a + A^) w a . (5.i3) 

a=l 

The invariance of the action requires the gauge transformation on A\ as 

A\ = g L A\ gl l - d- z g L g^ 1 . (5.14) 

Since k = —IC^iGi), which is the critical value that h p decouples from the matter system. 
Therefore the gauge fixed partition function with Fadeev-Popov ghosts (6 a , c a ) is 

% = J V^ a Viv a Vb a Vc a exp(-S gf ) 

where 5 gf = J d 2 z (u ]a du a + b a dc a ^j . 

The full quantum action has the BRST symmetry which can be obtained from Eq. (|5.9[) 
with the well-known modification, e a — > Ac a , (A is a constant grassman number.) 

d u b = Xc a d a iv b = Xc a f abc u c = [Qbrst , u b ] 

5 a/ = \c a 8 a J b = \c a f abc J° = [Qbrst , w t& ] 

1 (5-16) 
5 cP = -Xc a f a ^ c = {Qbrst , c p } 

5b p = \f pai u a uj ]1 + \c a f al3 W = {Qbrst , bP] • 

where u,u*,b, c's dependence in z is suppressed. It is an easy check that 5S g f = 0. The 
BRST current and operator can be found if we demand the above variations as the results 
of the (anti-)commutation relations between the BRST oerators and various fields. The 
simple calculation from the OPE in ( p.8| ) gives 



Qbrst = <j> Jbrst(z) 

1 (5-17) 

Jbrst(z) = Y,c a f aPl ^^\z) - -r^c a c^{z) 



cefB'y 
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This is exactly the same BRST operator we found from the purely abstract gauged WZW 
theory, ( |3.20| ). Note that this model has Gl = Hl while Gr and Hr are absent. 

It is natural to ask whether this model is unitary or not. The u — u>^ theory without 
gauge fields is of course non- unitary. However, of all the states in the gauged uj — uj^ theory, 
Eq.( |5.15|) , only a small subset of them satisfy the physical state conditions (or equivalently, 
BRST cohomology). This situation is very similar to the string theory case. Recall that 
the conformal theory of 26 bosons with Minkowski metric is non-unitary. However, in the 
bosonic string theory, the spectrum must satisfy the physical state conditions. As a result, 
the string theory, which is the gauged (with the metric) version of the 26-boson conformal 
theory, is unitary. Following from this analogy, it is likely that the gauged u — theory 



is also unitary. A preliminary analysis seems to support this conjecture[24 



6. Conclusion 

In this paper, we showed that the chiral gauged WZW theory is anomaly free and 
its quantization can be carried out. In the special case where the left and the right chiral 
gauge groups are the same, the theory is in agreement with the vector gauged WZW theory. 
However, the chiral gauged WZW theory has the advantage of allowing the existence of the 
left-right asymmetrical gauge groups which may be suitable for the heterotic type model 
building in the fractional superstring theory. By an examination of correlation functions, 
we argue that the gauged WZW theory in the conformal limit is exactly the coset theory 
in CFT. 

The examples given in Sec. 5, can be rewritten as gauged WZW theories, in which case 
G = Gl = Gr. In the first example of real fermions, the non-linear sigma field <p is m the 
vector representation of Gl and the identity representation of Gr; in the second example, 
is in the adjoint representation of Gl and the identity representation of Gr. In both 
cases, the left gauge group is Hl = Gl while Hr is absent. From this point of view, the 
chiral gauged WZW theory is more general than the vector gauged WZW theory. 

In superstring theory, the Fadeev-Popov ghost system (and the related BRST op- 
erator) is obtained by gauge fixing the two-dimensional supergravity action which has a 
world-sheet local supersymmetry. To understand the ghost system in the fractional super- 
string case, it will be nice to find out the world-sheet local fractional supersymmetry from 
a two-dimensional action which involves the parafermion. This requires, as a first step, 
a classical action for the parafermion, which can be provided by the chiral gauged WZW 
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theory. It is very similar to anyons in 2 + 1 dimensions where a classical action for anyons 
requires the introduction of the Chern-Simon gauge coupling into the action for particles 
with integer spin or half-integer spin. 

Finally the analogy between the gauged WZW theory and Polyakov's bosonic string 
theory as summarized in Table 2 is striking. 



Gauge Field 
Gauge Symmetry 
Ghost System 



Remaining Fields 
BRST Operator 

Critical Value 
Matter Fields 
Dressed Fields 



Gauged WZW Theory 

Gauge connections 
v L (z) and v R ( z ) 
c a ,b a z ,a = 1,2, ...,dimH L 
c a ,b", a = 1,2, ...dim, Hr 
dim{c) = 0, dim(b) = 1 
h p and h p 

§c a {r + r h + r gh ) 



Qbrst — 

QBRST = §C a {j a + J? + J« h ) 

k = -2C 2 {H L ) = -2C 2 {H R ) 



AA 
A A 



riAA 
AA 

•fAA 
r A A 



G^F(h p , h v ) 



Polyakov's String Theory 

Two dimensional metric 
Diffeomorphism £ z , £ 2 

c z ,b zz 
c*,b Z z 

dim(c) = —1, dim(b) = 2 
Liouville field, cj)(z, z) = (f)(z) + 4>( 
Qbrst = § c (T m + + T gh ) 
Qbrst = § c (T m + T$ + f gh ) 

Cm — Cm — 26 



$mnF((f>) 



Table 2. Similarities between the gauged WZW theory 
and Polyakov's bosonic string theory. 



In Table 2, $ mn are primary fields in the unitary minimal models with 

c=l- 6 



pip + 1) 



(6.1) 



See Ref.[^2| for details. 
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Appendix A. 



In this Appendix we review the propreties of the non-abelian anomaly in 2n- 
dimensions, using the differential geometry approach. The chiral anomaly was first de- 



rived in Ref. [16] while the relation between the anomaly in LR-scheme and that in the 
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A-scheme was first clarified in Ref.[^0|. For a more comprehensive review, see Ref. [25,26 . 
Our purpose of including this appendix is to clarify the notations and make the paper self- 
contained. This review is longer than needed to derive the non-abelian anomaly, because 
the formalism will be needed in Appendix B. 

The expressions of the anomalies involve only gauge fields and gauge transforma- 
tion parameters since matter fields have been integrated out. The effective action in 
2n-dimensions, W(A L , A R ), can be written as an integral in 2n + l-dimensions[[l| 

W(A L , A R ) =c n I iv° 2n+1 (A L , A R ) , (A.l) 

J B 2n + 1 

where u; 2n+1 * s a + l)-form. The superscript indicates the power of v L and v R . So 
w 2n+i does not depend on v Lj v R explicitly. We are interested in the space, S 2n , which 
is the boundary of B + . The consistency between Eq.( |2.4j ) and ( |A.1[ ) requires that 

du\ n {A\A R - v L , v R ) = 8 VL>VR u° 2n+1 (A L ,A R ) . (A.2) 

The relation between the non-abelian anomaly in 2n-dimensions and the abelian anomaly 
^2n+2(A L , A R ) in (2n + 2)-dimensions was first shown in Ref.[J16[|: 



n 2n+2 (A L , A R ) = du° 2n+1 (A L , A R ) 
Q 2ri+2 (A L , A R ) = Tr(i^ +1 - Fl +l ) = j' 2 dtjTr (A ' 3) 

with the boundary condition specified by 

A(tx) = A L , A(t 2 ) = A R and F(t) = dA(t) + A(t) 2 . (A.4) 

(Again, all products are wedge products.) Exploiting properties of the differential form we 
can rewrite the second equation of ( |A.3| ) as 

2n+2 (A L , A R ) = t dt(n + l)Tr (>(t)F n (t)) 

= ( n + 1 ) £ 2 dt Tr|di(t)F n (t) +A(t)[A(t),F n (t)}} (A.5) 
= (n + 1) 2 dt d Tr [A(t)F n (t)} , 
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where we have used 

(i) Tr (AB) = - Tr (BA) if A and B are both odd forms ; 

(ii) Bianchi identity, i.e. DF = = dF + [A, F] . 



Comparing Eq. flA.3j ) with ( |A.5| ) we get 

u,$ n+1 {A L ,A*>y) = (n + 1) I* dt Tr {A(t)F n (t)} . (A.6) 

Here a possible path choice, 7, in the expression of ^2n+i * s introduced because all previous 
discussions up to Eq.( |A.6| ) depend only on the end points of the i-integration. Different 
choices of paths can be related to different choices of renormalization conditions. 

There are two renormalization conditions frequently used. One is called the A-scheme 
in which the vector gauge transformation is invariant while the axial vector gauge trans- 
formation is anomalous. The other is called the LR-scheme in which the anomaly, u)\ nl 
and the effect action, W, can be separated into the left and the right pieces independently. 
In the following we will specify the paths 'Ja (for the A-scheme) and ^lr (for the LR- 
scheme). Hence the explicit expressions of W2 n+1 (A L , A R ) and oo\ n can be evaluated by 
using Eq.( [A.6|) and (|A.2|) . First of all, 7^ is chosen as in Fig.l, which is parametrized by 

1A 



R 



A L A 



Fig. 1. The path 7^ is defined by the parametrization A(t) = V + tA, t e [-1, 1] 
where V = {A L + A R )/2 and A = {A R -A L )/2. 

A(t) =V + tA,te [-1, 1] where V = (A L + A R ) /2 and A = (A R - A L ) /2. With this 
path, 7^, we can easily obtain 

ul n+1 {A L ,A R , lA ) = (n + 1) J 1 dt Tr [~(A R - A L )F n {t)\ . (A.7) 

The vector gauge transformation is defined by v = Vj_, = Vr. And it is not hard to check 
the vector gauge invariance, i.e., 

5 v , v u° 2n+1 (A\A R ^ A )=0 . (A.8) 

In two dimensions, Eq.( |A.7|) is equal to 



u 3 



°(A L ,A R ^ A ) = Tr (^A R -A L )[dA L + dA R ]+^((A R ) 3 -(A L f)^j . (A.9) 
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Then from Eq.( |A.2|) we can obtain 



u\ iA = Tr {{dv R - dv L )(A R + A L ) + (v R - v L )(A R A L + A L A 
On the other hand, the path jl R can be defined as in Fig. 2, 



1LR 




Fig. 2. The path J^ R is parametrized by the 
following prescription: 

along 7! : A(t) = tA L t e [1, 0] 
along 7 2 : A(t) = sA R s e [0, 1]. 



Then from Eq. flAlf ) we can obtain ui 2n+1 (A L , A R , ^lr) as 



iv° 2n+1 (A L ,A R , lLR ) = (n + l) 



[ dt Tr (A L F£(t)) + [ dsTr(A R F^(s)) 
Ji Jo 



= u° 2n+hC (A R ) - u° 2n+1 , c (A L ) 
where oj 2u+1 c * s ^ ne Chern- Simon form defined by 

co° 2n+1>c (A) = (n + l) [ Tr (A- F n (t)) 

Jo 

and A(t) = tA , F(t) = dA(t) + A{t) 2 



However, in two dimensions we have 



"lc(A) = Tr (AdA) + -Tr (A 3 ) 



Thus ui 2 ^ R can be similarly evaluated from Eq. ( |A.2| ) 

^l LR (A L ,A R ; v l , v R )=5 VL , VR u° 3 (A L 1 A R llLR ) 
= 5 VR ul c (A R ) - 5 VL ul c (A L ) = d Tr (dv R ■ A R ) - d Tr (dv L ■ A L ) 

Therefore, 

ul LR (A L , A R ; v L , v R ) = Tr (dv R A R ) - Tr (dv L A L ) . 
which is Eq.( p^0|) . 
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From Fig.l and Fig. 2, it is clear that the connection between the A-scheme and the 
LR-scheme can be established through a closed-contour integral. To show this we first 
define the integral 

dp 2n (A^\ A^) = (n + 1) j> drTr (i(r)F n (r)) (A.16) 

where A(s,t) = A^ + sA^ +tA& and F(s,t) = dA(s,t) +A^(s,t). The contour C in 
the above integral is specified in Fig. 3. 




A^+A^ Fig. 3. The contour C in Eq. flA.16p is 

parametrized by the following pre- 
scription: 



along 7! 
along 7 2 
along 73 



A(t) = A(°) + tA( 2 ) te[l,0]. 

A(s) = A(°) + sAM ae [0,1]. 

A(u) = + (1 - u)^ 1 ) + uA( 2 ) u e [0, 1]. 



Eq.( |A.16|) can be evaluated in the following way. First the integrand can be viewed as an 
inner- product, in the vector space spanned by (is and dr. 



i(r)F n (r) = dsA^F n (s, t) + dtA^F n (s, t) 

= {ds, dt) ■ (A^F n (s, t) , A^F n (s, t))=ds-F . 



(A.17) 



From the Stoke's theorem, the closed-contour integral can be transformed into an area 
integral 



ds • /•• = / da ■ V x F 

d 



da ( — 

OS 



A^F n (s,t) 



d_ 

dt 



A ( - 1) F n (s,t) 



(A.18) 



where the contour specifies the boundary of the area. This leads to a straightforward 
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calculation and gives 



n + 1) ds dt 

p=0 



Jo 



Tr^A^F p (s,t) dA™ + A^A(s,t) + A(s,t)A^ F n - 1 - p (s,t) 
_ A (i) F n-i-P( s ^ f ) \ dA (2) + A (?) A fa t) + A(s, t)A {2) ] F p (s, t) 



pl nX-s n—X ( 

(n + 1) ds dt^Tr^ A (2) F p (M)dA (1) F n_1 - p (s,i) 

J o J o p=0 { 

_ A^F n - 1 - p dA^F p (s,t) + A^F p (s,t)A^ [A(s,t), F n - 1 - p (s,t)] 
+ A^ [F p (s, t), A(s, t)} A^F n - x - p (s, t) 



jo 



1-s 



n-X 



(n + 1) I ds I dtd J2 Tv [-A {2) F p (s,t)A^F n - 1 - p (s,t) 

p=0 

n—X „i 



p=0 



1-s 



p 2 n(A {0 \ A (2) ) = (n + 1) J2 I ds J dtTr (a^F p (s, t)A^F n ~ 1 - p (s, *)) 

(A.19) 



1 rX-s 



In two dimensions we have 

P2 (A(°\ A&\ A™) = 2 j ds J "dtTr (a^A^ = Tr (a^A^) (A.20) 

Hence the difference between iv°. n+ i(A L , A R , 7^) and u°, n+ i(A L , A R , 7l_r) can be ob- 
tained if we compare the contours 7^4 and 7^ and use Eq. flA.7Q and ( |A.11|) 

u° 2n+1 (A\ A R , lLR ) - co° 2n+1 (A L , A R , 1A ) = d P2n (0, A R , A L ) . (A.21) 

Furthermore the differences in the effective action and the anomaly can be obtained from 
Eq.flPD, (|AT2l) and (\A~M) 

[ R , A L ) , 

(A.22) 



W LR (A L , A R ) - W A (A L , A R ) =c n [ P2n (0, A R , A 
uLlr(A L ,A r ; v l , v r )-u\ a (A l ,A r ; v Lt v R ) = 8 VL>VR p 2n (0, A R , A L ). 



Appendix B. 

Following Ref. [EUJ , we explain in some detail how to solve 

5 VL , VR T(A\A R A) = Ay u\ LR (A L , A R ; v L , v R ) . 
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(B.l) 



Using the WZ consistency condition, Eq.( [2.6| ), Eq. ([B.l| ) can be integrated along the fol- 
lowing path in the functional space of (ft, A L , A R : 

<f>(x, t) = g(x, t)(ft(x), A R (x, t) = A R (x) 

(B.2) 

A L (x,t) = g(x,t)A L (x)g 1 (x,t) - d x g(x,t) ■ g 1 {x,t) 

where t is the parameter specifying the path and g(x,t) satisfies g(x,t = 0) =1 and 
g(x,t = 1) = </>(x) -1 . The particular ingredient in this choice is that one end point is 
r [A L , A R , (ft) , which is what we want, and the other end point is V (^A' L , A' R , (ft = lj, 
which is easy to evaluate because = 1. 

To be more specific, the infinitesimal variations along t can be evaluated as 

8(ft(x,t) = (At)^g- 1 <ft(x,t) 
5A L (x,t) = -(At)d x + [(At)| g~\ A\x,t)] (B.3) 

5A R (x,t) = . 

Together with Eq.( |2.3| ) and ( |2.11| ), we can define the infinitesimal gauge transformation pa- 
rameter as v L (x) = {M)^g~ l and v R (x) = 0. Then the change of T (A L (t),A R (t),(ft(t)) 
along the path can be treated as a result from the gauge transformation specified by the 
Vl(x) and Vr(x) above. Therefore, combining with Eq. (|B.l| ) we have 



5T (A L (t),A R (t),(ft(t)) = ^ J ul LR (A L (t),A R (t)-,^g-\0) 
^T(A L {t),A R {t),<ft{t)) = ^ f ul LR (A L (t),A R (t);f t g-\0). 



(B.4) 



dt 

The integration over dt from to 1 gives 



T{A L ,A R ,(ft) = T{(ft- 1 A L (ft + (ft- 1 d(ft,A R ,l) + A J d tJ ui tC (A L {t) i ^g- 1 ) (B. 



5) 



where we have used Eq.( [A.15| ) to substitute for oj\ LR . The right-hand side can be solved 
in the following steps. We first notice that if (ft = 1 and v L = v R = v, then S(ft = from 
Eq.( [2.11| ). Therefore the first term is a solution of 



S V , V F(A L , A R ,(ft=l) = ^-j u>l LR (A L , A R ; v, v) 

= ^ 1 8 v , vPa {0,A*A L ) 



(B.6) 
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where we have used Eq. (|A.22| ) and the property that u\ A (A L , A R ;v,v) 



0, and pi is 



given in ( |A.2U| ). Thus we have the solution for the first term on the right hand side, 



- 1 A L ( p + ( p- 1 d ( p : A R : l) 



8n 



Tr (A 



A^(b + A 



The second term can be simplified by using Zumino's result ||16|| , 

fdtl ul c (A L (t),^g- 1 ) = ^- I Tr(^- 1 d^) 3 + / Tr {-d^ 1 A L ) 
Combining Eq. ([B.5|) , ( pT7| ) and ( pT8|) we obtain 



r(A L ,A R <f>) = ^ ^Tr^-M^) 3 

+ — / Tr (A R (j)- 1 d<p-d(j)(j)- 1 A L + A R <l)- 1 A L c 
8tt J S 2 

This is the solution we quoted in Eq.( |2.21|) . 



(B.7) 



(B- 



(B.9) 



Appendix C. 

In this appendix the evaluation of the determinant det(D R )det(D^ ) appearing 
in Eq.( |3.9| ) will be shown. This result was calculated in the A-scheme by many 
authors [p|, |2"7l , |2"%|] . For our purpose it must be appropriately translated to the LR-scheme. 
In the A-scheme, the result is 



(detDf) (detD%) 



exp 



2C 2 (H)I(hh)} ■ (det 5 af3 d z ) (det 5 af3 d s ) (C.l) 



A— scheme 

where the C 2 (H) is the dual Coxeter number, defined by the structure constant of the gauge 
group, J2 7 s f ai5 f pl5 = -C 2 (H)S af3 . For SU(N), C 2 (SU(N)) = N. The summation over 
the indices a, (3 = 1, 2, dim H. The vector gauge invariance requires Hl = Hr = 
H. The appearance of the WZW action indicates the existence of the anomaly when we 
transform D M to d^. In Sec. 3, we need the result in the LR-scheme in which the left gauge 
fields are independent of the right ones. Using Eq. ( |A.22| ) , we transform the effective action 
from the A-scheme to the LR-scheme, 



W LR (A L , A R ) = W A (A L , A R ) + 2 ° 2{H) 



4% 



2C 2 (H) 



-I(hh) - 



1 

47T 



Tr (A R A L ) 
d 2 zTi (dMi~ x h- x d,h 



(C.2) 



2C 2 (H) -1(h) -1(h) 
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where Eq.(|3.3j) is used. Therefore, we have 



(defDf) (detD%) 



LR— scheme 



exp hc 2 (H)I(h)} (det 5 ap d z ) 
exp [2C 2 (H)I(h)\ (det S a(3 d s ) . 



(C.3) 



Naturally it leads to 



(detDf ) (detD±) 



LR— scheme 



exp \2C 2 (H R )I{h)\ (det 5 ap d z ) 
exp[2C 2 (H L )I(h)] (det 5 a ^d s ) 



(C.4) 



where a, (3 = 1,2,..., dim Hr for the right gauge fields and a, (3 = 1,2,..., dim Hl for the 
left gauge fields. 
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